INTRODUCTION
Despite distinct mechanical functions, biological soft tissues have a common microstructure in which a ground matrix is reinforced by a collagen (COL) fibril network. The highly anisotropic, heterogeneous, and asymmetric material properties caused by the microstructural nature of the COL fibril network suggest the importance, as well as the challenges, of accurately modeling soft tissue biomechanics. For soft fibrous tissues with multiple constituents, mathematical distribution functions have represented dispersed and continuous (i.e. non-discrete) fibrils oriented in all directions depending on the type of (and anatomical location in) the tissue under investigation [1] [2] . These types of continuous fibril models have been used recently for articular cartilage [3] [4] [5] . The strain energy of the COL fibril network is calculated based on the response of individual fibrils in tension in different directions and integrated over a unit sphere at a material point. The specific aims of the current study were to: 1. introduce a novel approach to modeling a continuous distribution of COL fibrils in soft tissues; 2. develop a strain energy function for the COL network based on the proposed distribution function of COL fibrils; 3. derive the stress and material elasticity tensors for the COL network that may be "pre-stressed" in a stress-free natural configuration of the tissue; 4. propose a special model that may be appropriate for immature tissue and establish its suitability for use in a polyconvex tissue strain energy function. METHODS Preliminaries. It is assumed that total solid matrix (SM) is compromised of COL, glycosaminoglycans (GAG), and ground matrix (MAT) constituents and that the SM occupies a stress-free reference configuration κ . The constituent stresses balance each other (
COL GAG MAT
) in the SM reference configuration and therefore the SM is stress-free. However, the COL constituent has a different reference configuration that is stress-free and COL maps the COL initial configuration to the SM reference configuration COL COL
(1) Consequently, the Cauchy-Green deformation tensors of COL, COL , and the SM, , are related by
(2) COL volume fraction distribution function and strain energy. To include the possible contributions of all fibrils in any possible orientation, a local spherical coordinate system at a typical point is used similar to previous works. Fibrils inside a pyramid volume element dV ( Fig. 1 ) cross through the differential area dA sin Θ dΘ dΦ on the surface of the unit sphere and the average direction of fibrils will be the outward normal to this differential area. The apex of a pyramid volume element dV is located at the center of the sphere and its base is the surface element dA. The differential volume of this pyramid element is related to its associated differential area by the height of pyramid h, which equals the radius of the unit sphere dV dA h dA 1 sin Θ dΘdΦ 1 (3) Fibrils inside an elemental pyramid volume are oriented in the range Θ, Θ dΘ , Φ, Φ dΦ with 0 Θ π and 0 Φ 2π. A novel feature of this work is the use of a volume fraction distribution function for defining the proportion of COL fibrils oriented in all directions, so that the collective volume fraction defined as the integral of the volume fraction distribution function over the unit sphere is identical to the volume fraction of fibrils at a material point in a tissue element. At any material point with a Lagrangian strain tensor . The COL network strain energy density can now be defined as
Note that the Heaviside step function, H E COL , in integrand of the above equation is used as a mathematical tool to consider only a subdomain (V ) of the unit sphere volume V, where H E Polyconvexity. For use in tissue models where additional constituent strain energies are added to W COL , it suffices here to prove that W COL is a convex function of , i.e.
After some tensor algebraic manipulation, it can be shown that a sufficient and necessary condition for the above equation to be nonnegative is that E be positive. Since E is always taken positive, the convexity condition is satisfied. The fibrils, in grey, can be represented by a smaller pyramid volume element dV with area base dA . DISCUSSION A novel approach to modeling a continuous distribution of COL fibrils in soft tissues is presented. This approach is novel in using true moduli multiplied by different volume fractions for different directions to represent the anisotropic distribution of fibrils. Another novel feature is the inclusion of a fibril distribution model for which the fibrils are "pre-stressed" in a stress-free natural configuration of the tissue. The strain energy function proposed for the COL network of immature bovine articular cartilage is a convex function of the deformation gradient tensor, and the material stability conditions are satisfied for this constituent.
Compared with other approaches that use a normalized "number" of fibrils for definition of the distribution function, this representation is based on a distribution parameter (i.e. COL volume fraction) that is commonly measured experimentally. Consequently, an immediate and explicit output of numerical simulation may be the effective volume fraction of the COL network, i.e. COL fibrils recruitment under a certain loading condition. In future applications, a COL network strain energy function obtained using a continuous COL volume fraction distribution function and a specific true COL strain energy (such as the one proposed here) can be appropriately summed with strain energy functions of other constituents to obtain a nonlinear anisotropic polyconvex mixture formulation for the tissue.
